We consider the three-dimensional incompressible magnetohydrodynamics (MHD) equations in a bounded domain with free moving surface boundary. We establish a priori estimate for solutions with minimal regularity assumptions on the initial data in the Lagrangian coordinate. To the best of our knowledge this is the first result that focuses on the low regularity solution for incompressible freeboundary MHD equations.
Introduction
The goal of this manuscript is to investigate the solutions in low regularity Sobolev spaces for the following incompressible inviscid MHD equations in a moving domain: describing the motion of conducting fluids in an electromagnetic field, where D = ∪ 0≤t≤T {t} × Ω(t) and Ω(t) ⊂ R 3 is the domain occupied by the fluid whose boundary ∂Ω(t) moves with the velocity of the fluid.
Under this setting, the fluid velocity u = (u 1 , u 2 , u 3 ), the magnetic field B = (B 1 , B 2 , B 3 ), the fluid pressure p and the domain D are to be determined; in other words, given a simply connected bounded domain Ω(0) ⊂ R 3 and the initial data u 0 and B 0 satisfying the constraints div u 0 = 0 and div B 0 = 0, we want to find a set D and the vector fields u and B solving (1.1) satisfying the initial conditions: Ω(0) = {x : (0, x) ∈ D}, (u, B) = (u 0 , B 0 ), in {0} × Ω 0 .
(1.2)
We also require the following boundary conditions on the free boundary ∂D = ∪ 0≤t≤T {t} × ∂Ω(t): 3) where N is the exterior unit normal to ∂Ω t and c ≥ 0 is a constant. The first condition of (1.3) means that the boundary moves with the velocity of the fluid, the second condition of (1.3) means that the region outside Ω t is vacuum, where B · N = 0 on ∂Ω t implies that the fluid is a perfect conductor; in other words, the induced electric field E satisfies E × N = 0 on ∂Ω t . Also, the condition |B|= c on ∂Ω t yields that the physical energy is conserved, i.e., denoting D t = ∂ t + u · ∇u, and invoking the divergence free condition for both u and b, we have: u · (B · ∇B) = 0.
We will establish a priori bounds for the MHD equations (1.1)-(1.3) when u 0 , B 0 ∈ H 2.5+δ (Ω(0)) for δ ∈ (0, 0.5) under the physical sign condition
We recall here that for the free-boundary problem of the motion of a incompressible fluid without magnetic field (i.e., the incompressible free-boundary Euler equations), the physical sign condition reads −∇ N p ≥ ǫ 0 > 0 on ∂Ω(t).
Condition (1.4) was first discovered by Hao and Luo [14] when proving the a priori energy estimate for the free boundary incompressible MHD equations with H 4 initial data. Very recently, they proved that (1.1)-(1.3) is ill-posed when (1.4) is violated [15] . The quantity p + 1 2 |B| 2 (i.e., the total pressure) plays an important role here in our analysis. In fact, it determines the acceleration of the moving surface boundary.
History and background
In the absence of the magnetic field B, the system (1.1) is reduced to the free-boundary Euler equations which has attracted much attention in the past two decades. Important progress has been made for both incompressible and compressible flows, with or without surface tension, and with or without vorticity. Without attempt to be exhaustive, we refer [1, 5, 6, 7, 16, 20, 21, 22, 23, 24, 26, 27, 30, 31, 32, 37, 38, 39] for more details.
On the other hand, the MHD equations describe macroscopic phenomena, from thermonuclear fusion to plasma astrophysics of the solar system. In particular, the plasma-interface problem describes the phenomenon when the plasma is separated from the outside wall by a vacuum, whose motion can be formulated as the incompressible free-boundary MHD equations.
Although the MHD equations in a fixed domain have become the focus of a great deal of activities over the past two decades or so, e.g., [3, 10, 11, 9, 17, 36] , much less is known for the free-boundary case. This is caused by the strong coupling between u and B (i.e., the appearance of B · ∇B and B · ∇u terms in the first and second equations of (1.1), respectively). In addition to this, B satisfies a transport equation along the flow line (i.e., the second equation of (1.1)), and this yields no better structure than the equation of u and so one should not expect a better control of B. We remark here that the magnetic field is known to have the stabilizing effect for the currect-vortex sheet problem [4] , but such effect does not seem to help in our problem.
For the free-boundary MHD equations, the local (in time) well-posedness (LWP) of the linearized equations was studied by Morando-Trakhinin-Trebeschi [25] , Secchi-Trakhinin [28] and Trakhinin [35] . For the nonlinear equations, Hao-Luo [14] proved the a priori energy estimate with H 4 initial data and the LWP was established by Secchi-Trakhinin [29] and Gu-Wang [12] . Also, we mention here that in Hao [13] and Sun-Wang-Zhang [33] , the authors studied the a priori energy estimate and LWP, respectively, for the freeboundary MHD equations with nontrivial vacuum magnetic field.
In this manuscript, we establish the local a priori energy estimate with u, B ∈ H 2.5+δ with δ > 0 is arbitrary. This agrees with the minimal regularity assumption (i.e., H d 2 +1+δ , where d is the spatial dimension) that one may expect for the velocity field in the theory of the free-boundary incompressible Euler equations (see, e.g., [8, 19, 20] ). In fact, Bourgain-Li [2] proved that the incompressible Euler equations with H d 2 +1 initial data are ill-posed even in the free space R d .
MHD system in Lagrangian coordinates and Main result
We reformulate the MHD equations in Lagrangian coordinates, in which the free domain becomes fixed. Let Ω be a bounded domain in R 3 . Denoting coordinates on Ω by y = (y 1 , y 2 , y 3 ), we define η : [0, T ] × Ω → D to be the flow map of the velocity u, i.e., ∂ t η(t, y) = u(t, η(t, y)), η(0, y) = y.
(1.5)
We introduce the Lagrangian velocity, magnetic field and fluid pressure, respectively, by v(t, y) = u(t, η(t, y)), b(t, y) = B(t, η(t, y)), q(t, y) = p(t, η(t, y)).
(1.6) Let ∂ be the spatial derivative with respect to y variable. We introduce the cofactor matrix a = [∂η] −1 , which is well-defined since η(t, ·) is almost the identity when t is sufficiently small. It's worth noting that a verifies the Piola's identity, i.e.,
Here, the summation convention is used for repeated upper and lower indices, and in above and throughout, all indices (e.g., Greek and Latin) range over 1, 2, 3. Denote the total pressure p total = p + 1 2 |B| 2 and let Q = p total (t, η(t, y)). Then (1.1)-(1.3) can be reformulated as:
(1.8)
For the sake of simplicity and clean notation, here we consider the model case when Ω = T 2 ×(0, 1), where ∂Ω = Γ 0 ∪ Γ 1 and Γ 1 = T 2 × {1} is the top (moving) boundary, Γ 0 = T 2 × {0} is the fixed bottom. Using a partition of unity, e.g., [8] , a general domain can be treated with the same tools we shall present. However, choosing Ω as above allows us to focus on the real issues of the problem without being distracted by the cumbersomeness of the partition of unity. Let N stands for the outward unit normal of ∂Ω. In particular, we have N = (0, 0, −1) on Γ 0 and N = (0, 0, 1) on Γ 1 .
In this paper, we prove:
be the solution of (1.8) and δ ∈ (0, 0.5). Assume that v(0, ·) = v 0 ∈ H 2.5+δ (Ω) and b(0, ·) = b 0 ∈ H 2.5+δ (Ω) be divergence free vector fields. Let
Then there exists a T > 0, chosen sufficiently small such that N (t) ≤ P (N (0)) for all t ∈ [0, T ], provided the physical sign condition
holds.
1.3 Strategy, organization of the paper, and discussion of the difficulties
Notations. All definitions and notations will be defined as they are introduced. In addition, a list of symbols will be given at the end of this section for a quick reference. We use ǫ to denote a small positive constant which may vary from expression to expression. Typically, ǫ comes from choosing sufficiently small time, from Lemma 2.1 and from the Young's inequality. Notation 1.3. We use P = P (· · ·) to denote a generic polynomial in its arguments.
The proof of Theorem 1.1 relies on div-curl type estimates of the velocity field v, the magnetic field b and the Lagrangian flow map η. In particular, let N (t) be defined as in Theorem 1.1. Then there exists a T > 0 such that the estimate
. This implies N (t) M 0 by a Gronwall-type argument that can be found in Chapter 1 of Tao [34] . The curl of v and b can be estimated straightforwardly by a combination of Sobolev embedding and Young's inequality thanks to the nonlinear term ǫP (N (t)) on the RHS of (1.11). We remark here that the so-called Cauchy invariance is required to control curl v if ǫP (N (t)) is replaced by the linear term ǫN (t). The Cauchy invariance, however, is no longer true in the presence of b.
It is worth pointing out that the control of Q H 3+δ and ∂ 3 Q t L ∞ (∂Ω) (and hence Q t H 2.5+δ ) are both required. These quantities are needed even for the incompressible free-boundary Euler equations, whose a priori energy estimate can be closed by requiring η to be half derivatives more regular than v (see, e.g., [1, 19, 20] ). In the case of a conducting liquid, i.e., MHD equations, although η H 3+δ is still good enough to control Q H 3+δ , when controlling Q t H 2.5+δ , we need η to be one derivative more regularity than v due to the presence of ∂b t . In other words, η H 3.5+δ is included in N (t) in order to close the estimates. We remark here that b t satisfies
which is a transport equation of b coupled with ∂v. Therefore, one cannot expect to gain any regularity from b or b t . In view of above, it is reasonable to require more regularity of the flow map η to compensate the loss of regularity caused by taking time derivative of b. In fact, η H 3.5+δ will be used only once when controlling Q t H 2.5+δ (i.e., in (3.2)).
The manuscript will be organized as follows: In section 2 we record the preliminary estimates for the cofactor matrix a and its time derivatives. Also, the well-known Kato-Ponce commutator estimates are summarized as Lemma 2.2 for readers' convenience. Section 3 is devoted to control Q H 3+δ and Q t H 2.5+δ , which is required for the tangential estimate of v. In Section 4 we prove the tangential estimates for both v and b. Finally, in Section 5, we provide the control for the full Sobolev norms of v, b and η using a div-curl type estimate. Also, we show that the physical sign condition (1.10) propagates within a short period by showing that the quantity ∂ 3 Q| Γ1 is 1/4-Hölder continuous in time, which allows us to close the a priori estimates.
Acknowledgement:
We would like to thank Igor Kukavica for sharing his idea on the proof of Lemma 5.2.
List of symbols:
−1 : The cofactor matrix.
2. P : A generic polynomial in its arguments.
3. P(t):
, and S = ∂ 2.5+δ : Tangential differential operators.
Preliminary Lemmas
The first lemma is about some basic estimate of a, which shall be used throughout the rest of the manuscript.
CM for a sufficiently large constant K, then the following estimates hold:
(
We record the well-known Kato-Ponce commutator estimates in the next lemma, the proof of which can be found in [18] .
Then the following estimates hold: (1) ∀s ≥ 0 and 1 < p < ∞, we have
2)
3) where 0 < s 1 < s and 1/p 1 + 1/p 2 = 1/p with 1 < p < p 1 , p 2 < ∞; (4) ∀s ≥ 1, we have
where 1/2 = 1/p 1 + 1/q 1 = 1/p 2 + 1/q 2 with 1 < p < p 1 , p 2 < ∞; and
for all the 1 < p < p 1 , p 2 , q 1 , q 2 < ∞ with 1/p 1 + 1/p 2 = 1/q 1 + 1/q 2 = 1/p.
Pressure Estimates
Lemma 3.1. Assume Lemma 2.1 holds. Define
. Then the total pressure Q satisfies:
and its time derivative Q t satisfies:
Proof: Applying a να ∂ ν to the first equation of (1.8), we have:
Invoking the Piola's identity (1.7), we get:
and
Thus, the total pressure Q satisfies
with the boundary conditions
where the second condition can be rewritten as
The standard elliptic estimate yields that
Bounds for Q 1 : For the first term in Q 1 , we have:
where we used a H 1.5+δ ≤ η 2 H 2.5+δ and the multiplicative Sobolev inequality
which is a direct consequence of (2.2) and the Sobolev embedding. Also, we apply (3.9) and (2.2) to the second term in Q 1 and get
(3.10)
Bounds for Q 2 : Both terms in Q 2 are of the form b · a · ∂a · ∂b H 1+δ , which can be controlled by using (3.9) twice:
(3.11)
Bounds for Q 3 : Invoking Lemma 2.1 (7) and (2.2), we have: (3.12) and similarly
(3.13) The bounds for Q 1 -Q 3 imply:
(3.14)
This yields (3.1) for sufficiently small ǫ > 0 since by writing η H 2.5+δ ≤ η(0) H 2.5+δ + t 0 v H 2.5+δ one can get P ( η H 2.5+δ ) P 0 + P t 0 P by Jensen's inequality. Now we start to prove the estimates of Q t . Taking time derivative of (3.4), we obtain:
By the elliptic estimate, we have:
Using this and the multiplicative Sobolev inequality
the first two terms of (3.17) are treated as:
which, together with (3.1), imply that ∂ tt a να ∂ ν v α H 0.5+δ + ∂ t a να ∂ ν ∂ t v α H 0.5+δ can be controlled appropriately by the RHS of (3.2).
Second, invoking (3.9) and Lemma 2.1 (7), the terms containing Q in (3.17) are treated as:
21) which can be controlled appropriately by the RHS of (3.2) by plugging in the estimate (3.1).
Now it remains to control the terms containing b in (3.17) (the last 6 terms). Since
we have:
Combining this and the multiplicative Sobolev inequality (3.19), we have:
All other terms of the same type can be controlled appropriately via a similar approach except a · b · ∂a · ∂b t . In fact, there are two terms of the form a · b · ∂a · ∂b t :
For the first term, we invoke the identity 1 mentioned in [12] :
For the second term, η H 3.5+δ is needed because the identity a Summing these bounds up, we obtain:
which implies (3.2) similarly to what (3.14) implies (3.1).
Tangential Estimates
In this section, we establish the tangential energy estimate for the incompressible MHD equations. 
. Then there exists a T > 0 such that for each t ∈ [0, T ], the estimate
We prove this theorem by estimating v and b separately.
Tangential estimates of v
We first try to derive the tangential estimates of v
To control I, we have:
Control of I 3 : This is a direct consequence of the Kato-Ponce inequality (2.5), i.e.,
(4.4)
Control of I 1 : We integrate ∂ µ by parts to get:
where the boundary integrals in the second line vanish since a 
For the second term in the last line of (4.5), we need to integrate 1/2-tangential derivatives by parts and then apply (2.2):
Summing these up, we have: Plugging this decomposition and the identity (which is obtained by differentiating a : ∂η = I)
into I 2 , we have:
Here, R 1 is bounded by P ( η H 2.5+δ ) Q H 1.5 v H 2.5+δ via the multiplicative Sobolev inequality, while the last term in the third line of (4.11) can be controlled by using Kato-Ponce inequality (2.4) as:
(4.12)
It remains to control I 21 . Writing 2 m=1 S m ∂ m = S − S 0 , we have:
It is easy to see the second term in (4.13) can be bounded by v H 2.5+δ Q H 1.5 P ( η H 2.5+δ ). For the first term, we integrate ∂ β by parts to obtain: 14) where the integral on Γ 0 vanishes because N = (0, 0, −1) and a 3 1 = a 3 2 = 0 on Γ 0 . Now, we bound I 211 by the Kato-Ponce commutator estimate (2.5), because we want to move the derivatives on v to a in order to control v.
The term on the second line of (4.15) is controlled by (2.2) after integrating 0.5 derivatives by parts, i.e.,
In addition, we apply (2.5) to the term on the third line of (4.15) and get:
(4.17)
Therefore,
Now we come to control I 212 . We shall compute its time integral, which then allows us to integrate ∂ t by parts to eliminate 0.5 more derivatives falling on v. Since N = (0, 0, 1) and Q = 
Invoking the physical sign condition ∂ 3 Q ≤ −ǫ 0 and Sobolev trace lemma, we have: 
Control of J: Now we start to control J. We first plug the identity (3.23) into J, then write J to be the sum of the highest order term and the commutator, which again can be controlled by Kato-Ponce inequality (2.1)
The term J 1 cannot be controlled directly, but it actually cancels with the highest order term in the energy of b. We will see that in the next step.
Tangential estimates of b
In this part, we will conclude the tangential estimates of b to conclude the desired tangential estimates. Taking the time derivative of 
(4.23)
Now we are able to see that J 1 cancels K 1 : Integrating ∂ µ in J 1 + K 1 by parts, we have
dS(y) = 0. .24), we derive the tangential estimate as follows:
which implies in (4.1).
Closing the estimates
In this section we close our a priori estimate.
The div-curl type estimates
Notation 5.1. Let X = (X 1 , X 2 , X 3 ) be a vector field. We denote the "curl operator" and the "div operator" in the Eulerian coordinate by
respectively. 
So we apply the multiplicative Sobolev inequality (3.9) to get:
In addition, using multiplicative Sobolev inequality and Young's inequality, we have:
and hence
The divergence part is treated similarly. Using the standard div-curl decomposition, we have:
For the tangential estimate of η, invoking the trace lemma and Young's inequality, we have:
Combining (5.6), (5.7), (5.8), and then absorbing ǫ η H 3.5+δ to the LHS, we obtain:
Estimates of v and b: The estimate for v H 2.5+δ is done similarly compare to that of η H 3.5+δ . Applying the div-curl decomposition, we have:
where
Also, for the tangential term, we apply Sobolev trace lemma to get: 12) where the last term in (5.12) can be expressed using the tangential derivative of v by: 
Propagation of the physical sign condition
For the MHD system, we still need to show that the physical sign condition (1. 
Gronwall type argument
Now we recall that N (t) := η where ǫ > 0 can be sufficiently small. By the Gronwall type argument in [34] , we know :
N (t) P (N (0)) (5.20) as desired. This ends the proof of Theorem 1.1.
